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Abstract
The main features of the (e, e′) cross sections of low-lying orbital excitations with
Kπ = 1+ in heavy deformed nuclei are studied in RPA on the example of 156Gd.
The dependence of the DWBA E2 and M1 cross sections on the scattering angle
0◦ < θ < 180◦ and incident electron energy Ei < 210 MeV is analyzed in PWBA.
The cross section is larger for M1 than for E2 transitions at any angle if Ei < 30
MeV. The longitudinal (Coulomb) C2 excitation dominates the E2 response for
5◦ < θ < 170◦. Only transverse M1 and E2 excitations compete for θ > 175◦ and the
former one is dominant for q < 1.2 fm−1. The M1 response is almost purely orbital
up to q = 1.4 fm−1 even in backward scattering. Qualitative PWBA estimates
based on the q-dependence of the form factors alone are not able to predict some
important features of the (e, e′) cross sections stemming from the strong magnetic
and orbital character of the studied 1+ excitations. The expectation for M1 over
E2 dominance in backward scattering should not be extended to higher momentum
transfers and incident energies.
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1 Introduction
The backward inelastic electron scattering has established itself in the last 30 years as one
of the main tools for the experimental study of nuclear magnetic excitations. The attention
was focused in the past mainly on spherical nuclei, as it can be seen, e.g., from the review
articles [1, 2]. The detailed study of low-lying magnetic dipole (M1) excitations in heavy
deformed nuclei started with (e, e′) experiments at the linear accelerator in Darmstadt
[3], reviewed recently in [4]. Most of the data were collected at a backward scattering
angle θ = 165◦, where one expects a strong damping of electric excitations.
This can be understood from qualitative considerations [5, 6] in the plane wave Born
approximation (PWBA). The (e, e′) cross section can be decomposed in this case into
longitudinal (Coulomb) and transverse (electric and magnetic) terms, multiplied by corre-
sponding kinematic factors. The longitudinal kinematic factor Vℓ(θ) vanishes for θ = 180
◦
and only transverse multipoles are excited in backward scattering [5]. Among those with
the same multipolarity, the magnetic excitation is dominant over the electric transverse
one [6]. This qualitative estimate is obtained in the long-wave limit qR ≪ 1, or small
momentum transfer q in comparison with the radius R of the target nucleus. Magnetic
dominance was found at backward angle also in [1] by assuming a purely spin-flip transi-
tion.
The more realistic distorted wave Born approximation (DWBA) [7] leads to important
corrections especially in heavy nuclei with a strong Coulomb field (a large charge number
Z). But this approach is not suitable for simple qualitative predictions, since the longitu-
dinal and transverse electric contributions to the (e, e′) cross section interfere with each
other in DWBA. Moreover, their separation would be meaningless when the longitudinal
and transverse electric contributions are related in the DWBA formalism [8, 9] through
the continuity equation.
In contrast to the above discussed common expectations based on the PWBA, we
have found recently [10, 11] E2 contributions to the cross sections of low-lying orbital
M1 excitations measured at θ = 165◦. Such admixtures take place in heavy deformed
nuclei where the M1 transition with IπK = 1+1 is accompanied by a closely lying E2
transition with IπK = 2+1 to the first member of the rotational band built on the intrinsic
Kπ = 1+ excitation. The large moment of inertia of these nuclei leads to a small separation
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between the two excitation energies, comparable with the energy resolution of the (e, e′)
experiments. The accompanying E2 transition provides an important contribution to the
measured cross sections (θ = 165◦) for an effective momentum transfer 0.6 < qeff < 0.9
fm−1 corresponding to incident electron energies in the range 40 < Ei < 70 MeV [10, 11].
The M1 excitations in spherical nuclei are mainly of spin-flip type, which is expected
to be favoured in backward electron scattering [2]. In contrast, we are considering here
a qualitatively different type of predominantly orbital M1 excitations. They appear only
in deformed nuclei [12] and their experimental study through backward (e, e′) scattering
started much later [3, 4].
We are going to examine here in more detail some of the well-known qualitative PWBA
predictions for the interplay of magnetic and electric excitations, paying attention also to
the approximations involved. These predictions ignore the nuclear dynamics because they
are made for the general case of unknown transition densities. The latter could exhibit
however some important peculiarities, typical for the considered nuclear excitations. The
qualitative PWBA estimates will be compared here to DWBA and PWBA cross sections
obtained from realistic RPA transition densities in order to understand to what extent
one could use the general PWBA predictions for qualitative interpretation of realistic
microscopic results.
We shall study to this purpose the dependence of our theoretical DWBA (e, e′) cross
sections on the electron incident energy and momentum transfer in the whole possible
range of scattering angles 0◦ < θ < 180◦. Cross sections of 1+ excitations in deformed
nuclei have been presented and discussed until now almost exclusively for θ = 165◦ in order
to compare them with the corresponding experimental data measured at this angle. Only
the cross section of the strongest (low-lying orbital) M1 excitation is known experimentally
in each one of the several heavy deformed nuclei studied until now. We choose here 156Gd
as an example, because this is the only nucleus, where the accompanying E2 transition
was identified experimentally [13].
We shall present and discuss in the next section the dependence of E2 and M1 cross
sections of this typical 1+ excitation on the incident electron energy and momentum
transfer in the whole range of scattering angles. The results are analyzed qualitatively
in PWBA for small and large momentum transfer in sections 3 and 4, respectively. The
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conclusions are summarized in sect. 5 and expressions for E2 transition densities are given
in the Appendix.
2 Angular and energy dependence of E2 and M1
(e, e′) cross sections
We describe intrinsic excitations with Kπ = 1+ in deformed nuclei within the quasipar-
ticle random phase approximation (QRPA, or shorter RPA) using a model hamiltonian
specified in [14]. It contains a quasiparticle (q.p.) mean field, given by a deformed Woods-
Saxon potential plus pairing. The separable residual interaction consists of a spin-spin
force and a quadrupole-type interaction, derived self-consistently from the deformation of
the mean field. The isoscalar coupling constant of the latter interaction, determined mi-
croscopically, ensures the rotational invariance of the model hamiltonian, which is violated
by the mean field alone.
The choice of the parameters of the model hamiltonian is explained in more detail else-
where [14]. In contrast to many other microscopic calculations, energies of single-particle
levels are not shifted but taken exactly as provided by the deformed Woods-Saxon poten-
tial. Expressions for M1 and E2 transition probabilities in terms of the RPA amplitudes
are given in [15]. The large single-particle basis allows us to work without effective
charges εeff when calculating B(E2; 0
+0 → 2+1) values and E2 transition densities. The
B(M1; 0+0→ 1+1) values and M1 transition densities are obtained with bare orbital and
effective spin gyromagnetic factors. The latter account for the renormalization of the spin
operator by a factor of 0.7, i.e.,
εn = 0, εp = 1, gsj = 0.7g
s
j (free), g
s
n(free) = −3.8263, gsp(free) = 5.5858. (1)
The strongest M1 transition found experimentally in 156Gd has an excitation energy
Ex = 3.07 MeV and a reduced magnetic transition probability B(M1) = 1.30 ±0.20 µ2N
[16]. It is easily identified with the strongest theoretical M1 transition at 2.90 MeV
with B(M1) = 1.24 µ2N . Our theoretical reduced probability for the accompanying E2
transition, B(E2) = 42 e2fm4, agrees also well with the corresponding experimental value
40 ±6 e2fm4 [13]. The B(E2) values of Kπ = 1+ excitations are small because the main
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collectivity of the E2 strength of this mode is concentrated in the spurious rotational
state, i.e. in the lowest E2 transition of the ground state rotational band.
The (e, e′) cross sections are, however, much more sensitive to the details of the RPA
wave functions than transition probabilities or excitation energies. We obtain the transi-
tion densities, necessary for the calculation of DWBA cross sections, as reduced matrix
elements of the corresponding multipole density operators between the nuclear ground
state and the ν-th RPA excitation with IπK = L+1 (L = 1, 2):
ρν2(r) = 〈2+1, ν ‖ ρˆ†2(r) ‖ 0〉, (2)
J νLL′(r) = i〈L+1, ν ‖ Jˆ †LL′(r) ‖ 0〉, J νLL′(r) = J ν,CLL′ (r) + J ν,SLL′(r), (3)
where ρˆ2(r) and JˆLL′(r) are longitudinal charge (C2) and transverse current (TL) density
operators, respectively. The latter reduce to Jˆ11(r) for M1 excitations (L = L′ = 1) and
Jˆ2L′(r) for E2 excitations (L = 2, L′ = 1, 3). The transverse (current) transition densities
J νLL′(r) are written in (3) as a sum of two terms originating from the proton convection
current density jˆC(r) and the magnetization (or spin) current density jˆS(r) of protons and
neutrons.
The current density operators and expressions for the M1 transition densities in RPA
can be found in [17]. Expressions for the E2 transition densities are given in the Appendix.
The (e, e′) cross sections are calculated numerically from the transition densities (2), (3),
using the DWBA formalism described in [8, 9].
The theoretical DWBA cross sections of the above described low-lying orbital 1+
excitation in 156Gd are displayed in Figs. 1 and 2. The M1 and E2 (e, e′) cross sections
are plotted in Fig. 1 versus the incident electron energy in the range 10 ≤ Ei ≤ 210 MeV
and scattering angles 5◦ ≤ θ ≤ 175◦.
Since we are interested here mainly in qualitative conclusions, the agreement with
experiment is relevant to the extent it could promote the confidence in the theoretical cross
sections beyond the experimentally studied scattering angle of 165◦. Two-dimensional
sections of the three-dimensional plots in Fig. 1, corresponding to a fixed angle θ = 165◦
and Ei < 100 MeV, were plotted together in [11] and compared with experimental data [3],
taken at this angle. The E2 excitation provides important contributions to the measured
M1 cross section in the region 40 < Ei < 70 MeV and leads to a very good agreement
with experiment after being taken into account.
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These features can be seen also by comparing the shaded areas (θ = 175◦) of the M1
and E2 cross sections in Fig. 1. For small incident energies Ei the E2 cross section is two
orders of magnitude smaller than the M1 cross section but both are comparable at higher
Ei. At 175
◦ the two cross sections are comparable for 120 < Ei < 200 MeV and the E2
response is dominant for Ei > 200 MeV.
We are going to analyze qualitatively our microscopic DWBA cross sections using
PWBA, where the cross section can be decomposed into a sum of longitudinal and trans-
verse terms [7, 8]:
(
dσ
dΩ
)
PWBA
=
(
Ze2
Ei
)2{
Vℓ|FCL (q)|2 + Vt[|FEL (q)|2 + |FML (q)|2]
}
, (4)
Vℓ =
cos2(θ/2)
4sin4(θ/2)
, Vt =
1 + sin2(θ/2)
8sin4(θ/2)
, VT = Vt/Vℓ =
1
2
+ tan2 (θ/2) . (5)
Z and e =
√
αh¯c are the nuclear proton number and the unit charge, respectively. The
factor 4pi/Z2 from [7, 8] is incorporated in our definitions [17] of the form factors |FL(q)|2
(4), coinciding with those of [6]. Only the term FM1 (q) survives in (4) in the case of M1
transitions, while the E2 excitations are specified by longitudinal (Coulomb) FC2 (q) and
transverse electric FE2 (q) contributions. The transferred momentum has in our notations
the inverse dimension of length, q (fm−1).
The PWBA formalism is used in this paper for two different purposes. First, in
addition to the DWBA results, cross sections are calculated in some cases also in PWBA
with the same RPA transition densities in order to separate the longitudinal C2 from the
transverse E2 response and compare them with the transverse M1 cross sections. This
separation is not possible in DWBA. Hence, the theoretical PWBA cross sections are used
only as a tool for studying different constituents of the cross sections and their origin.
Secondly, DWBA and PWBA cross sections, both obtained from realistic RPA transition
densities, are compared to qualitative PWBA predictions which ignore completely the
nuclear dymanics. These estimates are based on general considerations of the scattering
kinematics and the momentum dependence of the unknown form factors. On the other
hand, the latter are fully specified in our formalism by the microscopic transition densities
(2), (3).
It is seen from Fig. 1 that for small incident energies the M1 cross section remains
almost constant when going from backward to forward angles. It starts to increase for
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θ < 90◦ but, contrary to what should be expected from the diverging transverse kinematic
factor Vt (5), the M1 cross section does not diverge in the limit θ → 0◦. The expressions
(5), derived in the relativistic limit (neglected electron rest mass), must be corrected
for extreme forward or backward angles and acquire finite values, as we shall see in the
next section. The DWBA cross section of the accompanying E2 transition, displayed
in Fig. 1, decreases substantially in the backward direction (large θ) for small incident
energies. This is an indication for a dominant Coulomb response which is damped by the
longitudinal factor Vℓ at backward angles.
DWBA cross sections are plotted usually [7, 9] versus the effective momentum transfer
qeff ,
qeff = q
[
1 +
3
2
Zαh¯c
EiReq
]
, q =
2
h¯c
√
EiEf sin(θ/2) =
2Ei
h¯c
sin(θ/2)
√
1− (Ex/Ei), (6)
in order to be compared with PWBA cross sections plotted versus q. In the above ex-
pression Ef = Ei−Ex is the energy of the outgoing electron. The definition (6) coincides
with the formula for qeff in [17] used to plot the experimental cross sections when a radius
constant req = 1.12 fm [8] is assumed in (6) for the equivalent nuclear radius Req = reqA
1/3.
The form factors |FL(q)|2 (4) are Fourier transforms of the transition densities (2), (3)
with Bessel functions jL(qr) [7, 9]. Therefore, the explicit dependence of the theoretical
M1 and E2 cross sections on the momentum transfer is also of prime interest. It is
plotted in Fig. 2 versus qeff (6) and the scattering angle θ. The indented edges in Fig. 2
result simply from the adopted finite grid of mesh points. The graph cut-off at the edge
corresponds to the maximal incident energy Ei = 200 MeV included in calculations.
Let us rewrite the kinematic factors in a form that is more appropriate for a constant
q. We neglect the small term Ex/Ei in (6) and express E
−2
i in (4) through q:
q =
2Ei
h¯c
sin(θ/2), (7)
Vℓ
E2i
=
1
q2
[
sin−2(θ/2)− 1
]
,
Vt
E2i
=
1
2q2
[
sin−2(θ/2) + 1
]
,
dσℓ(θ) = dσℓ(90
◦) cot2(θ/2), dσt(θ) = dσt(90
◦)
1
3
[
1
sin2(θ/2)
+ 1
]
. (8)
These expressions give the angular dependence of longitudinal and transverse cross sec-
tions for a fixed momentum transfer q. It is seen from (8) that for a given q the transverse
cross section decreases only 33% between 90◦ and 180◦. In contrast, the longitudinal
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cross section decreases in comparison with its value at 90◦: 58 times at 165◦, where most
experiments were done, and 5835 times at the largest accessible backward angle of 178.5◦
[18].
Thus, the almost constant M1 cross section in Fig. 2 for a given momentum transfer is
a typical behaviour of transverse excitations, while the steep decrease of the E2 cross sec-
tion towards backward angles is an indication for a predominant longitudinal (Coulomb)
component.
3 PWBA analysis for small momentum transfer
The low-q limit qR < 1 is reached in the considered heavy nuclei with R ≈ 6.5 fm for very
small momentum transfer q < 0.15 fm−1. The PWBA cross section (4) is obtained in the
relativistic limit, i.e. the electron rest mass mec
2 = 0.511 MeV is neglected in comparison
with the incident electron energy Ei and a small excitation energy Ex ≪ qh¯c is assumed
in comparison with the momentum transfer. The former condition is always satisfied in
our calculations because Ei > 10 MeV. The latter condition is violated at small angles,
where one has to use the more accurate expressions provided by Eqs. (4-16c) and (6-38)
of ref. [7]:
VT =
q2
∆2
[
1
2
+
q2
∆2
tan2 (θ/2)
]
, ∆2 = q2 − (Ex/h¯c)2, (9)
for θ = 0◦ : Vℓ = 4
(
Ei
Ex
)4
, Vt =
2E6i
E4x(mec
2)2
, VT =
1
2
(
Ei
mec2
)2
. (10)
The electron rest mass is still neglected in (9), which can not be used for θ = 0 since the
four-momentum is ∆ = 0 and the transverse factor diverges. After taking the electron
mass into account, one obtains ∆2(θ = 0) = (mec
2Ex/Ei)
2 and the finite values (10) in
the forward direction. The transverse cross section is strongly dominant for any realistic
incident energy Ei ≫ Ex > mec2, as seen from (10). The limit (10) is however not
necessary even for a very small but different from zero angle (a fraction of the degree)
because the expression (9) provides already a very good numerical accuracy [19, 7]. The
smallest angle displayed in the three-dimentional graphs is θ = 5◦.
It is seen from (9) that VT is a very large number for small angles where q is close to
the photon point Ex/h¯c and ∆ is small. One can understand in this way the behaviour of
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the M1 and E2 cross sections at small scattering angles, exhibited in Fig. 1. The M1 cross
section is dominant in the forward direction, in line with the general expectations [20, 7]
for suppression of the longitudinal response throught its small kinematic factor at small
angles. But this is no more true for higher momentum transfer. The factor VT (9) that
damps the longitudinal (Coulomb) excitation is large at θ = 5◦ only for small momentum
transfer. However, Eq. (9) reduces already to the simpler estimate (5) VT ≈ 0.5 for
Ei = 200 MeV. The Coulomb response is favoured in this case and the E2 cross section
is comparable in magnitude with the M1 cross section.
The interplay between longitudinal and transverse E2 components in the forward
direction can be seen in more details in Fig. 3, where the PWBA E2 cross sections
are plotted versus the incident electron energy for different small scattering angles. The
PWBA cross sections are obtained from the same realistic RPA transition densities of the
considered 1+ excitation in 156Gd, which were used to obtain the DWBA results presented
in Figs. 1 and 2. It is seen from Fig. 3 that the transverse E2 cross section (dotted lines)
is almost constant and independent of the incident energy Ei, while the Coulomb cross
section (dashed curves) is increasing quadratically with Ei.
The E2 cross section is purely transverse for θ = 0.1◦ and 0.5◦ in the whole range
(10 < Ei < 210 MeV) of incident energies studied. In contrast, the Coulomb term
dominates for Ei > 150 MeV at θ = 1
◦ and for Ei > 30 MeV at θ = 5
◦. Its strong
increase with Ei in the latter case is seen also in the DWBA E2 cross section plotted in
Fig. 1. This behaviour can be understood by rewriting the PWBA cross section (4) with
the help of (7) and (8):
(
dσ
dΩ
)
PWBA
=
(
αZ
q
)2{
Wℓ|FCL (q)|2 +Wt
[
|FEL (q)|2 + |FML (q)|2
]}
,
Wℓ = cot
2(θ/2), Wt =
1 + sin2(θ/2)
2 sin2(θ/2)
, Wt/Wℓ = VT . (11)
The q-dependence of the form factors |FL(q)|2 (11) is estimated in PWBA by taking
the leading terms (lowest L) of the corresponding multipole operators into account [19].
The Bessel functions are approximated afterwards in the long-wave limit (small q) as
jL(qr) ∼ (qr)L, so that their contribution to the form factors is ∼ (qR)L [6, 19, 7], where
R is the nuclear radius. The transverse operators have convection and spin parts (3). It
turns out that both parts exhibit the same leading q-dependence for magnetic, but not
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for electric operators [7].
The choice of Willey [19] for the leading electric term is objected by U¨berall [7] who
notes that only the spin term was considered in [19]. Willey has, however, both terms
in view when deciding to neglect Ex/qh¯c in favour of qh¯c/Mc
2, where M is the nucleon
mass. Thus, the choice of Willey will be correct for q ≫ q0, where
q20 = ExMc
2/(h¯c)2 = 0.024Ex fm
−2 (12)
and the excitation energy Ex must be supplied in MeV. We obtain q0 = 0.27 fm
−1 for the
low-energy orbital M1 excitations with Ex ≈ 3 MeV, studied here. Therefore, in our case
we agree with the choice of U¨berall for the leading convection electric term in the low-q
limit, while the choice of Willey remains valid for the spin current where the problem of
two competing leading terms does not arise.
After introducing the above discussed correction, we obtain in the low-q limit from
the expressions (2.64) for multipole operators in Ref. [19] the following estimates for the
q-dependence of the PWBA form factors (11):
|FCL (q)|2 ∼ (qR)2L, |FEL (q)|2conv ∼
(
Ex
qh¯c
)2
(qR)2L,
|FEL (q)|2spin ∼
(
qh¯c
Mc2
)2
(qR)2L, |FML−1(q)|2 ∼
(
qh¯c
Mc2
)2
(qR)2L−4. (13)
Upon insertion of (13) into (11), we get the following estimates for the PWBA cross
sections in the low-q limit:
dσ(CL) ∼ (qR)2L−2R2Wℓ,
dσ(EL, conv) ∼
(
Ex
h¯c
)2
(qR)2L−4R4Wt, for q < q0,
∼ dσ(EL, spin), for q > q0,
dσ(EL, spin) ∼
(
h¯c
Mc2
)2
(qR)2LWt,
dσ(ML) ∼
(
h¯c
Mc2
)2
(qR)2L−2Wt,
(14)
where q0 is defined in (12). The expression for the magnetic cross section applies to
both convection and spin current contributions. Although the above estimates (14) are in
agreement with previous results [19, 7], the q-dependence in (14) is qualitatively different.
This can be seen by comparison, e.g. with Table XXIV of [7]. The difference arises
from the q-dependence of E−2i (4), expressed explicitly in (11) through (7). The previous
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PWBA estimates for the q-dependence of the cross sections are valid only for a fixed
incident energy, i.e. they are meaningful when the angular dependence of the form factor
is studied for a constant incident energy. The scattering angle is however fixed in modern
experiments [4, 2] and the form factor is studied by measurements for different incident
energies. One has to apply in this case the estimates (14). They are more general since
they are valid also for a fixed incident energy. The angular dependence is given in this
case by the kinematic factors W (11).
We obtain from (14) the following estimates for the considered M1 and E2 PWBA
cross sections by choosing the low-q limit of the convection E2 excitation:
dσ(C2) ∼ q2R4Wℓ, dσ(E2, conv) ∼
(
Ex
h¯c
)2
R4Wt,
dσ(E2, spin) ∼
(
h¯c
Mc2
)2
(qR)4Wt, dσ(M1) ∼
(
h¯c
Mc2
)2
Wt. (15)
Turning back to the inspection of Fig. 3, we see from (15) that the quadratic q-dependence
of the Coulomb E2 excitation (dashed curves) agrees with the PWBA prediction (15).
Moreover, it becomes clear that the constant transverse E2 cross section (dotted lines)
must originate from a dominant convection current, because the transverse spin current
would exhibit a strong q4-dependence. Let us note that the previous estimates [19, 7]
would not be able to explain the constant transverse cross section of Fig. 3, because they
predict q2 and q6 dependencies for the convection and spin E2 cross sections, respectively.
The following qualitative estimates for the relative transverse contributions are ob-
tained directly from (14):
dσ(EL, conv)
dσ(EL, spin)
≈
(
ExMc
2
(qh¯c)2
)2
> 1, for q < q0, (16)
dσ(M,L− 1)
dσ(EL, spin)
≈ (qR)−4, (17)
dσ(M,L− 1)
dσ(EL, conv)
≈
(
(h¯c)2
ExR2Mc2
)2
≈ E−2x , (18)
where q0 is defined in (12) and a nuclear radius R = 6.5 fm was assumed for the rare-earth
region to evaluate numerically the latter relationship in (18), valid when the excitation
energy Ex is given in MeV. The ratios (16)-(18) should hold for any scattering angle.
They apply to both the convection and spin parts of the magnetic excitation (M,L− 1).
It is seen from (16) that the convection electric cross section dominates over the spin
11
electric one since it is taken from (14) just in the low-q limit q < q0, necessary to ensure
its dominance. Hence, the longitudinal cross section has to be compared only with the
transverse magnetic and convection electric ones:
dσ(CL)
dσ(EL, conv)
≈
(
qh¯c
Ex
)2 1
VT
, (19)
dσ(CL)
dσ(M,L− 1) ≈
(
RMc2
h¯c
)2 (qR)2
VT
. (20)
After inserting VT (0
◦) from (10) in the above relationships and taking into account that
qh¯c = Ex at the photon point, one can easily verify that the cross section is dominated
by transverse excitations at θ = 0◦ and the longitudinal contribution is negligible:
dσ(CL)
dσ(EL, conv)
(0◦) ≈ 2
(
mec
2
Ei
)2
≪ 1,
dσ(CL)
dσ(M,L− 1)(0
◦) ≈ 2
(
Mmec
4R2Ex
(h¯c)2Ei
)2
≈ 2
(
mec
2Ex
Ei
)2
≪ 1, (21)
where the same numerical estimate was used in the last relationship as in (18). This
particular case of extreme forward scattering was discussed already above. Let us check
now the predictions (17)-(20) by comparison with realistic results.
The PWBA cross sections displayed in Fig. 4 are plotted versus the transferred mo-
mentum q for θ = 70.53◦. This angle ensures VT = 1, as seen from Eq. (5), i.e. a
kinematic condition which is equally favourable for both longitudinal and transverse ex-
citations. The PWBA plots represent therefore the form factors |FL(q)|2 (4), (11) up to a
coefficient common for all of them. The cross sections are calculated with our microscopic
RPA transition densities for the strongest low-lying orbital 1+ excitation in 156Gd. The
ratio between the orbital and spin transition matrix elements of the M1 operator [15] is
Ro.s. = 7.8 for this excitation, i.e. it has a predominant orbital nature.
The PWBA M1 cross section is displayed as a continuous curve in the top plot of Fig.
4, together with the orbital contribution alone (dashed curve). This corresponds to the
decomposition of the current transition density J ν11(r) (3) into convection (orbital) and
magnetization (spin) parts. It is seen that the M1 cross section is almost purely orbital
in the considered q-range with negligible spin contributions. This is a typical property of
the studied orbital 1+ excitations in heavy deformed nuclei [12]. The predominant orbital
nature at the photon point (see Ro.s. above) is preserved up to q = 1.4 fm
−1, as seen from
Fig. 4.
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This typical feature, determined by the nuclear dynamics, is not present in the quali-
tative PWBA estimates (13), (14), where the nuclear orbital, spin, and charge transition
matrix elements are assumed to be all of comparable magnitude. The transverse E2 cross
section should be one order of magnitude larger than the M1 cross section, as predicted
by (18) for the considered 1+ excitations with Ex ≈ 3 MeV. Comparison of the upper
two plots in Fig. 4 invalidates this PWBA prediction because the M1 cross section is two
orders of magnitude larger than the transverse E2 contribution. This is observed also in
the plots of Fig. 5, where the M1 cross section is larger than the E2 contribution for small
scattering angles. The E2 cross section arises in this case mainly from the transverse E2
excitation, as one can check from Fig. 3 for small angles and small incident energies.
Let us verify now the predictions (19), (20). It is seen from the middle plot of Fig. 4
that for small q the PWBA Coulomb (C2) cross section (continuous curve) is more than
one order of magnitude larger than the transverse E2 cross section (dashed curve), as it
should be expected from (19) for Ex ≈ 3 MeV.
Comparison of the upper two plots in Fig. 4 shows that the M1 response dominates
over the C2 cross section only for small momentum transfer q < 0.17 fm−1 (Ei < 30 MeV).
This crossing point, where the M1 and C2 cross sections are equal, is confirmed also by
more realistic DWBA results, displayed in the bottom plot of Fig. 4 (note that they
are plotted versus qeff). On the other hand, Eq. (20) predicts that the crossing should
take place for q = 0.005 fm−1 or Ei = 0.85 MeV, which is impossible since the incident
energy must be larger than the excitation energy Ex ≈ 3 MeV. Therefore, the PWBA
prediction (20) overestimates the C2 with respect to the M1 cross section by three orders
of magnitude.
In order to study this problem in more detail, we compare in Fig. 5 M1 and E2
DWBA cross sections plotted versus the scattering angle. They are sections of the two
plots in Fig. 1 for different fixed values of the incident electron energy Ei. It is seen from
Fig. 5 that the M1 cross section (continuous curves) is larger than the E2 cross section
(dashed curves) in the whole kinematical region for small incident energies Ei < 30 MeV.
Above this energy the E2 response is dominant for almost any angle, except for very small
(forward) or very large (backward) angles. One can check that the crossing point of the
two curves at small angles is characterized by (qR)2 ≈ VT for different incident energies.
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Thus, the qualitative estimate (20) is not confirmed and the M1 response is dominant up
to a much higher momentum transfer than predicted by PWBA.
Small scattering angles are not favourable for the study of nuclear excitations through
inelastic electron scattering because of the large background originating from the radiative
tail of the strong elastic peak [19, 7, 1]. On the other hand, a technique was developed
for precise measurement of the inelastic cross section relative to the elastic peak, which
can not be applied for backward angles [1]. There are many other sources of radiative
background, contributing at 180◦ as well. Among them, the magnetic bremsstrahlung is
particularily strong [1]. We turn our attention to the backward direction where most of
the experiments on magnetic excitations have been done.
Let us check the estimates (17)-(20) in the case of backward scattering where the
dominant longitudinal contribution is strongly damped by the kinematics. The expression
(5) for the kinematic factor VT diverges at 180
◦. Its correct limiting behaviour [21] can be
obtained from Eqs. (4-12b,c) of [7] by taking the electron rest mass in the expression for
Vℓ into account. The transverse factor Vt (5) does not need such a correction at backward
angles, so that,
V eℓ =
cos2(θ/2) + (mec
2)2/(EiEf)
4 sin4(θ/2)
, 2V eT =
1 + sin2(θ/2)
cos2(θ/2) + (mec2)2/(EiEf)
, (22)
V eT (180
◦) =
(
Ei
mec2
)2
= 2VT (0
◦), (23)
where VT (0
◦) is given by (10). The upper index ”e” is to remind that the electron mass
was taken into account. The corrected factors (22) differ from the rough estimate (5) only
for small incident energies and angles close to 180◦. One obtains from (19), (20) and (23)
for a full backward angle:
dσ(CL)
dσ(EL, conv)
(180◦) ≈
(
2mec
2
Ex
)2
,
dσ(CL)
dσ(M,L− 1)(180
◦) ≈
(
2Mmec
4
)2(R
h¯c
)4
≈ 1.1. (24)
It is seen from (24) that the C2 and M1 cross sections should be of comparable magni-
tude even in fully backward scattering. The dominant contribution arises however from
the transverse convection E2 response. According to (24), this contribution should be
one order of magnitude larger than the longitudinal C2 cross section for the considered
excitation energies Ex ≈ 3 MeV.
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The above qualitative PWBA estimates have been made without disposing of any
information about the dynamics of the considered nuclear excitations. Let us compare
them with our PWBA results obtained from the realistic RPA transition densities of the
studied orbital 1+ excitations in heavy deformed nuclei. The PWBA cross sections are
plotted in Fig. 6 for θ = 179.5◦. The M1 cross section arising from the convection current
alone (dashed curve) is shown in the upper plot together with the total (convection plus
spin, continuous curve) M1 cross section. It is seen that the M1 response is almost purely
orbital for small momentum transfer, but the spin M1 contributions become larger for
q > 1.4 fm−1.
The PWBA E2 cross sections, displayed in the lower plot of Fig. 6, demonstrate
that the C2 response is already negligible at this large angle. The transverse E2 cross
section is almost two orders of magnitude smaller than the M1 cross section for small
momentum transfer q. These results, obtained from a realistic RPA wave function, stand
in contrast with the general PWBA expectations (24) where the nuclear dynamics is
not taken into account. According to (24), the transverse E2 excitation arising from the
convection current should dominate over the M1 and C2 responses for small q in backward
scattering.
The displayed cross sections are calculated with the simple kinematic factors (5) but
the above conclusions are not altered when the more precise longitudinal factor V eℓ (22)
is used instead of Vℓ to calculate the C2 cross section from the bottom plot of Fig. 6.
The two expressions differ considerably only for small incident energies and angles very
close to 180◦. But even for θ = 179.5◦ and realistic incident energies Ei > 20 MeV the
largest discrepancy (for Ei = 20 MeV) is not very relevant. The correct longitudinal
factor V eℓ (22) is about 40 times larger than the rough value (5), but V
e
ℓ is still 1270 times
smaller than the transverse factor Vt. Thus, also with the correct factor V
e
ℓ the situation
characterized by a negligible longitudinal response is not altered: the C2 contribution is
still one order of magnitude smaller than the E2 cross section for small q (Ei < 10 MeV).
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4 PWBA analysis for large momentum transfer
The intensity of the scattered electrons decreases several orders of magnitude in the back-
ward direction but this kinematical region is more interesting because the maximal mo-
mentum is transferred there for a given incident energy, as seen from (7). One can in-
vestigate in this way the high-q region, far from the photon point which could be studied
also with more precise methods as photonuclear reactions [22].
The contribution of the Bessel functions to the form factors (4) are approximated in
the high-q limit [7] by jL(qR) ∼ 1. This corresponds to q > 0.15 fm−1 for the considered
rare-earth nuclei. Let us assume additionally that q > 0.27 fm−1, see Eq. (12), so that
the leading convection and spin terms in the transverse EL and ML–1 form factors have
the same q-dependence. The estimates (13) acquire now the simpler form:
|FCL (q)|2 ∼ 1,
|FEL (q)|2 ∼ |FML−1(q)|2 ∼
(
qh¯c
Mc2
)2
. (25)
One obtains from (25) and (11) the following estimates for the PWBA cross sections for
large momentum transfer:
dσ(CL) ∼ q−2Wℓ, dσ(EL) ∼ dσ(M,L− 1) ∼
(
h¯c
Mc2
)2
Wt, (26)
dσ(EL)
dσ(M,L− 1) ≈ 1, (27)
dσ(CL)
dσ(EL)
≈ dσ(CL)
dσ(M,L− 1) ≈
(
Mc2
qh¯c
)2 1
VT
, (28)
dσ(CL)
dσ(EL)
(180◦) ≈ dσ(CL)
dσ(M,L− 1)(180
◦) ≈
(
Mmec
4
2E2i
)2
, (29)
where (23) and (6) were used to get (29). If we choose an angle where VT = 1, the
ratio (28) is always a large number since q < Mc2/(h¯c) = 4.75 fm−1. This is indeed
the condition for validity of the non-relativistic treatment of the nucleus [19]. One can
conclude in this way from the estimates (27), (28), that the transverse E2 and M1 cross
sections should be of comparable magnitude, while the longitudinal C2 excitation should
dominate over them for not very large backward angles.
The prediction (28) is confirmed in Fig. 5 where the E2 response (mainly longitudinal
C2) dominates over M1 for large q (Ei > 30 MeV) apart from very large backward angles.
This qualitative conclusion is confirmed also in Fig. 4, where the relative magnitudes of
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the form factors are clearly seen due to VT = 1. The longitudinal C2 dominates over the
transverse E2 and M1 responses in Fig. 4 for large transferred momentum. Let us remind
that the C2 dominance over the transverse E2 excitation, predicted by (19) for low q,
was confirmed in the previous section, i.e. this relationship is valid for a wide region of
transferred momenta.
The longitudinal dominance over the transverse currents is usually considered as a sig-
nature for collective excitations [5, 8]. One should note, however, that this dominance is
predicted by Eqs. (19), (20) and (28), which are not restricted by any assumptions about
the nature or extent of collectivity of the nuclear transition. On the other hand, collective
excitations have been associated usually with the assumption for an irrotational, incom-
pressible flow [9], whose signature is the vanishing transverse electric current JˆL,L+1,M(r)
(34). Our RPA transition densities for the transverse E2 currents with L′ = L − 1 and
L′ = L+1 are of comparable magnitude (not in favour of collectivity according to the lat-
ter criterium) but their amplitude is one order of magnitude smaller than the amplitude of
the C2 transition density (in favour of collectivity according to the former criterium). On
the basis of different considerations we came to the conclusion [15, 12] that the low-lying
orbital 1+ excitations represent a weakly collective scissor mode.
In contrast to the validity of (28), the relationship (27), which should hold for any
angle, is not confirmed by realistic results. Decomposition is made in Figs. 4 and 6 for
70.53◦ and 179.5◦, respectively. It is seen from these two figures that for large q the
transverse E2 excitation (mainly convection) is almost two orders of magnitude smaller
than the M1 response (also mainly convection). It was found in the previous section that
the corresponding prediction (18) for this ratio at low q contradicts our realistic results
in the same way, but the discrepancy is three orders of magnitude for small momentum
transfer.
The condition of M1 dominance over the C2 response for full backward scattering and
for large q is obtained from (29): E2i > Mmec
4/2 or Ei > 15.5 MeV. This estimate is
confirmed in Fig. 6, where PWBA cross sections for θ = 179.5◦ are displayed. They are
obtained with realistic RPA transition densities. The lower plot shows that the transverse
E2 contribution dominates over the C2 cross section. It is seen from the comparison of
the two plots that also the M1 response dominates over the C2 excitation, as expected
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from (29). The upper plot demonstrates that the M1 response is almost purely orbital for
q < 1.4 fm−1: it originates mainly from the convection current (dashed curve). The spin
M1 current becomes more important above this momentum transfer. This is due to the
fact that the convection transition density is peaked close to the nuclear surface (at r = 5
fm) and almost vanishes for r < 2 fm, while the spin transition density has an appreciable
amplitude also deep inside the nucleus, a region reached at high momentum transfer.
It has been argued [1, 2] that the spin-flip M1 response should dominate in backward
scattering when the electron rest mass can be neglected in comparison with its incident
energy and the transferred momentum is much larger than the nuclear excitation energy.
These approximations are reasonable in backward scattering for not very small incident
energy. In this case the electron can be viewed as a massless particle with a good helicity
[23], i.e. it is longitudinally polarized and the electron spin is aligned along or opposite
to its momentum. The scattering to 180◦ is considered in Ref. [1] as an occurrence of
spin-flip, so that the longitudinal and transverse convection parts of the interaction should
be strongly damped and only transverse spin M1 and spin E2 interactions will compete.
The ratio of the corresponding cross sections is given by the PWBA estimates (17) for
small q and (27) for large q. Hence, if only transverse spin interactions had to compete
with each other, a dominant spin M1 response could be expected from the above helicity
arguments only for small q < 0.15 fm−1 where the necessary high-momentum approxima-
tion is not justified very well. Moreover, so small q-values are not reached in the (e, e′)
experiments [3, 4] investigating M1 excitations in heavy deformed nuclei, where Ei ≥ 20
MeV or q ≥ 0.2 fm−1 in backward scattering. The spin M1 and E2 cross sections should
be almost equal at high q according to (27).
Inspection of Fig. 6 demonstrates that in backward scattering (negligible longitudinal
response) the convection M1 cross section is much larger than the transverse E2 contri-
bution even for large momentum transfer up to q = 1.2 fm−1. In this way, both the
qualitative PWBA prediction (27) and the above helicity arguments for a dominant spin
M1 response contradict the realistic results for the considered orbital M1 transition. The
equality of the transverse M1 and E2 cross sections is predicted in (27) to take place
for any q > 0.15 fm−1 while it is reached in reality for a much higher momentum trans-
fer q = 1.2 fm−1. It is true that the longitudinal interaction is strongly suppressed in
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backward scattering. This is easily seen from the small longitudinal kinematic factor V eℓ
(22). It is also true that high-energy electrons are longitudinally polarized. But even in
the PWBA treatment of backward scattering of longitudinally polarized electrons both
convection and spin currents contribute on equal footing to the cross section [24].
Let us compare finally the M1 and E2 DWBA cross sections plotted in Fig. 7 versus
the effective momentum transfer qeff (6) for different scattering angles. The M1 cross
section is larger than the E2 contribution in the whole region of incident energies studied
(Ei < 210 MeV) for small forward angles θ ≤ 5◦ (not shown in the figure, but seen in Fig.
1). At larger scattering angles there is always a crossing point for a given momentum
transfer, beyond which the E2 response is dominant. The q-value of the crossing point
obeys the relationship discussed in the previous section.
It is seen from Fig. 7 that the large q-values lie beyond the crossing point where the
E2 excitation (mainly longitudinal) is dominant over M1. However, the crossing point
moves towards higher q-values when approaching the backward direction, so that the M1
response becomes more important even for moderately large momentum transfer. The
two cross sections decouple only at 175◦. At this angle the M1 excitation dominates
up to qeff = 1.3 fm
−1, while the C2 and the transverse E2 responses are of comparable
magnitude. The C2 contributions are negligible beyond 175◦ and the total cross section
is determined only by the relative transverse M1 and E2 responses which are multiplied
by the same transverse factor Vt (5).
Cross sections of lower multipolarity decrease faster for larger q [5]. According to (14),
the cross sections obey the following order of increasing multipolarity in their momentum
dependence: dσ(M,L− 1) ∼ (qR)2(L−2), dσ(CL) ∼ (qR)2(L−1), dσ(EL) ∼ (qR)2L, where
the high-q limit, common for convection and spin transverse electric responses, is chosen.
In addition to this general trend, our RPA results show that the studied orbital excitations
have typical convection M1 transition densities similar to the charge C2 transition density:
they are characterized by a well-localized single bump. In contrast, the spin M1 and
transverse E2 transition densities exhibit more oscillations. Hence, the spin M1 response
decreases less for larger q in comparison with the convection M1 term, i.e. the spin
response behaves effectively as a higher multipolarity with respect to q.
One should expect, therefore, that the transverse E2 response will dominate over the
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transverse M1 excitation for very large transferred momenta. This can be seen in the
two bottom plots of Fig. 7 for qeff > 2 fm
−1. Thus, the transverse E2 response will be
dominant even in a fully backward scattering for very large momentum transfer.
5 Summary
We have studied the (e, e′) cross sections of low-lying excitations with Kπ = 1+ in heavy
deformed nuclei. They have a predominantly orbital nature, in contrast to the more ex-
tensively explored spin-flip M1 excitations in spherical nuclei. Moreover, we have found
recently [10, 11] that the accompanying E2 transitions with IπK = 2+1 provide appre-
ciable contributions to the measured M1 cross sections in heavy deformed nuclei even in
backward scattering where the M1 response is expected to dominate.
We obtain the cross sections from realistic microscopic RPA transition densities. The
low-lying 1+ excitation with the strongest orbital M1 transition in 156Gd is studied as a
typical example for such excitations which have been interpreted as a weakly collective
scissors mode [15, 12]. The already reported good agreement [10, 11] of the theoretical
DWBA cross sections with the available experimental data (θ = 165◦) confirms the im-
portance of the accompanying E2 transitions in heavy deformed nuclei and places some
confidence in the validity of the theoretical cross sections for different scattering condi-
tions.
The dependence of the theoretical M1 and E2 DWBA cross sections upon the scatter-
ing angle θ and the incident electron energy Ei is studied here in the whole kinematical
region 0◦ < θ < 180◦ for 10 ≤ Ei ≤ 210 MeV. In some special cases the cross sections are
calculated also within PWBA in order to separate longitudinal from transverse contri-
butions (not possible in DWBA). The DWBA and PWBA cross sections, obtained from
realistic RPA transition densities, are compared to qualitative PWBA predictions which
ignore completely the nuclear dynamics. They are based on general considerations of the
scattering kinematics and the momentum dependence of the unknown form factors. The
latter are fully specified by our RPA transition densities which is the main advantage of
the microscopic approach.
The theoretical cross sections exhibit the following peculiarities in agreement with the
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qualitative PWBA predictions:
i) For a given momentum transfer and θ > 90◦ the (purely transverse) M1 cross section
is almost constant with θ, while the E2 cross section decreases fast in the backward direc-
tion. This effect is simply due to the interplay between the longitudinal and transverse
kinematic factors.
ii) For small momentum transfer q and a fixed scattering angle θ the transverse con-
vection M1 and E2 cross sections are almost independent of q, while the longitudinal C2
cross section increases as q2. The convection current is dominant in the transverse E2
response for small q.
iii) The longitudinal C2 (Coulomb) form factor is much larger than the transverse
M1 and E2 form factors. Therefore, the C2 response is dominant if the longitudinal
kinematic factor is not very small. This condition is met away from the extreme forward
and backward directions. Even for very small angles the Coulomb suppresion is no more
effective at high incident energies because of the momentum dependence in the kinematic
factor.
iv) For scattering angles close to 180◦, where the Coulomb response is negligible, the
transverse E2 excitation dominates over the M1 transition at high transferred momenta.
This is due to the fact that cross sections of lower multipolarity decrease faster with the
increase in q.
The longitudinal dominance over the transverse currents is usually considered as a
signature for collective excitations. However, this dominance is predicted in PWBA by
Eqs. (19), (20) and (28), whose derivation does not involve any assumptions about the
nature or extent of collectivity of the nuclear transition.
The PWBA predictions are not able to provide reliable numerical estimates for the
limiting values of angles, incident energies and transferred momenta which specify the
validity range of different predicted relationships. The qualitative PWBA estimates are
either not able to predict or contradict the following realistic microscopic results for low-
lying orbital 1+ excitations:
v) The ratio between the C2 and M1 cross sections is three orders of magnitude
smaller than estimated in PWBA. The PWBA predictions for a strong Coulomb response
could be more appropriate for rotational transitions but not for the orbital M1 excitations
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considered here. Thus, a more pronounced M1 dominance is present in our results at small
momentum transfer, especially in backward scattering. The M1 response is dominant at
any angle for incident energies Ei < 30 MeV. It is dominant in the forward direction, e.g.
for Ei < 150 at θ = 1
◦ and even up to larger energies at smaller angles.
vi) The longitudinal C2 excitation is comparable with the transverse E2 response at
θ = 175◦ but becomes negligible beyond this angle in the backward direction. For such
large angles the total cross section is determined by the interplay between transverse M1
and E2 excitations.
vii) In backward scattering (175◦ < θ < 180◦) the transverse M1 response is stronger
than the transverse E2 excitation up to q = 1.2 fm−1. This feature stands in contrast
to the qualitative PWBA predictions for a dominant transverse E2 transition in both
low- and high-q regions (the latter refers to q > 0.15 fm−1). The two cross sections are
comparably large in the region 1.2 < q < 2 fm−1 and the transverse E2 cross section is
expected to dominate for q > 2 fm−1 (Ei > 200 MeV in backward scattering).
viii) The M1 response originates mainly from the convection current up to q = 1.4
fm−1. The spin M1 current becomes more important above this momentum transfer due
to the volume character of the oscillating spin M1 transition density.
The above properties apply to the low-lying 1+ excitations in heavy deformed nu-
clei studied here. They are mainly orbital with small spin contributions. Such typical
properties can not be predicted without information about the wave function of the con-
sidered nuclear excitation. Though high-energy electrons can be viewed as longitudinally
polarized massless particles with a good helicity, there is no suppression of the convection
current interaction in backward scattering. This is confirmed by the studied orbital exci-
tations where the convection current provides the main contribution to the M1 response
up to a high momentum transfer.
Thanks are due to Henk P. Blok and Jochen Heisenberg for providing us with their
DWBA code and useful communications on the underlying fromalism. This work is sup-
ported by the Deutsche Forschungsgemeinschaft (DFG) under contracts Fa 67/15-1 and
Fa 67/15-2.
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Appendix
The transition densities (2), (3) are calculated with the RPA wave functions in the
laboratory frame in the way described in [17] for M1 transitions. In the case of E2
transitions they have the form:
ρν2(r) =
1
2
∑
0<i<f
[
F ν+1(fi)ρ21(fi, r) + F
ν
+1(f i˜)ρ21(f i˜, r)
]
, (30)
J ν2L′(r) =
1
2
∑
0<i<f
[
F ν−1(fi)J2L′1(fi, r) + F ν−1(f i˜)J2L′1(f i˜, r)
]
, (31)
where the summation runs over single-particle states of the Woods-Saxon potential with
projections K on the nuclear symmetry axis z obeying 0 < Ki < Kf and time-reversed
states i˜ are treated explicitly. The nuclear dynamics is contained in the factors F νσ , σ =
±1, which are linear combinations of the RPA forward- and backward-going amplitudes
ψν(fi,m) and φν(fi,m) [15], respectively:
F νσ (fi) =
√
2
[
F νσ (fi,−1)− F νσ (fi,+1)
]
, (32)
F νσ (fi,m) = ψν(fi,m) + σmφν(fi,m), (33)
The signature index m = ±1, corresponding to the indistinguishable x and y directions,
is of technical interest only. It allows us to take symmetries into account and to avoid
the problem of symmetrizing the momentum operator [19]. Final results do not depend
on the signature, as seen from (30), (31). In order to save space we skip in (32), (33)
and below expressions involving time-reversed initial states i˜, though we always take such
terms in the numerical calculations into account.
The notations ρ21(fi, r) in (30) and J2L′1(fi, r) in (31) stand for the q.p. matrix
elements of the E2 charge and current density operators ρˆ21(r) and Jˆ2L′1(r), respectively:
ρˆ21(r) =
∫
Y21(Ω)ρˆ(r) dΩ, Jˆ2L′1(r) =
∫
Y2L′1(Ω) • Jˆ(r) dΩ, L′ = 1, 3, (34)
YLL′M(Ω) are the vector spherical harmonics [25]. The nuclear charge and current density
operators ρˆ(r) and Jˆ(r) can be found, e.g. in [7, 17, 19].
The q.p. matrix elements are obtained with the help of the eigenfunctions Φi of the
deformed Woods-Saxon potential [26] in cylindrical coordinates (ρ, z, ϕ):
Φi(K
π, r) =
∑
j
C ijΨj(nρ, nz,Λ,Σ =
1
2
, K, r)
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+
∑
j′
C ij′Ψj′(n
′
ρ, n
′
z,Λ
′ = Λ+ 1,Σ′ = −1
2
, K, r),
Ψ(nρ, nz,Λ,Σ, r) = ψ
Λ(nρ, ρ)ψ(nz, z)ψ(Λ, ϕ)χ(Σ), (35)
where C ij , j = (nρ, nz), are the coefficients of the expansion over the basis wave functions
Ψj of the axially symmetric harmonic oscillator. The cylindrical quantum numbers nz, nρ,
correspond to the directions along and perpendicular to the symmetry axis, while Λ =
K−1/2 and Σ are the projections of the orbital angular momentum and spin operators on
this axis. The angular integration over dΩ = sin θdθdϕ in (30), (31), reduces to integration
over −d cos θ since the integration over the azymuth angle ϕ and the spin matrix elements
can be performed analytically in the basis (35). One obtains in this way the following
expressions for the q.p. matrix elements of the charge transition density (30):
ρ21(fi, r) = eU+1(f, i)
∫
Y21(Ω)Φ
†
f (r)Φi(r)dΩ
= −eU+1(f, i)
√
15
8pi
∑
Λ′=Λ,Λ+1
∫
ρz
r2
Afi(Λ′ + 1,Λ′) d cosθ,
ρ = r sinθ, z = r cosθ, (36)
where the coefficients U+1 are linear combinations of the BCS occupation numbers. The
functions Afi contain only ψΛ(nρ, ρ)ψ(nz, z) from (35). Thus, they depend only on z and
ρ, i.e. they are products of Hermite and associate Laguerre polynomials [27]:
Uσ(f, i) = ufvi + σ uivf , σ = ±1,
Afi(Λf ,Λi) =
∑
kj
Cfk (Λf)C
i
j(Λi)ψ
Λf
k (ρ)ψ
Λi
j (ρ) ψk(z)ψj(z). (37)
The q.p. matrix elements of the transverse E2 convection currents have the form:
J C211(fi, r) = iµNU−1(f, i)
1
2
√
3
pi
∑
Λ′=Λ,Λ+1
∫ {
z
r
[ ∂
∂ρi
Afi(Λ′ + 1,Λ′)
−Λ
′
ρ
Afi(Λ′ + 1,Λ′)
]
+
ρ
r
∂
∂zi
Afi(Λ′ + 1,Λ′)
}
d cosθ, (38)
J C231(fi, r) =
iµN√
2pi
U−1(f, i)
∑
Λ′=Λ,Λ+1
∫ {
(z2 − 4ρ2)
r3
[
z
∂
∂ρi
+ ρ
∂
∂zi
]
Afi(Λ′ + 1,Λ′)
−zΛ
′
rρ
Afi(Λ′ + 1,Λ′)
}
d cosθ, (39)
where the factors U−1(f, i) are defined in (37). The notations ∂ρi and ∂zi mean that only
the wave functions of the initial state in Afi must be differentiated.
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The transverse E2 magnetization currents give rise to the following q.p. matrix ele-
ments:
J S211(fi, r) = igsµNU−1(f, i)
1
8
√
3
pi
∫ {
z
r
[( ∂
∂ρ
− 1
ρ
)
[Afi(Λ + 1,Λ)−Afi(Λ + 2,Λ+ 1)]
+2
∂
∂z
Afi(Λ + 1,Λ + 1)
]
+
ρ
r
[ ∂
∂ρ
[Afi(Λ + 1,Λ+ 1)− Afi(Λ + 2,Λ)] + 2
ρ
Afi(Λ + 2,Λ)
]}
d cosθ, (40)
J S231(fi, r) =
igsµN
4
√
2pi
U−1(f, i)
∫ {z
r
∂
∂ρ
[Afi(Λ + 1,Λ)− Afi(Λ + 2,Λ+ 1)]
+
(z2 − 4ρ2)
r3
[
ρ
∂
∂ρ
[Afi(Λ + 2,Λ)− Afi(Λ + 1,Λ+ 1)]
−2Afi(Λ + 2,Λ) + z
ρ
[Afi(Λ + 1,Λ)− Afi(Λ + 2,Λ+ 1)]
]
− z
r3
[
(2z2 − 3ρ2) ∂
∂z
Afi(Λ + 1,Λ+ 1) + 5ρ2
∂
∂z
Afi(Λ + 2,Λ)
]}
d cosθ, (41)
where gs are the spin gyromagnetic ratios (1). All differentiations in (38)-(41) are per-
formed analytically [17] using recurrency relations for Hermite and Laguerre polynomials.
The numerical integration in (36) and (38)-(41) extends over 0 ≤ cos θ ≤ 1.
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Figure 1: Upper plot: DWBA cross section of the strongest M1 excitation with IπK = 1+1
and Ethx = 2.9 MeV in
156Gd plotted versus the incident electron energy Ei and the
scattering angle θ. Lower plot: DWBA cross section of the accompanying E2 excitation
with IπK = 2+1. The (e, e′) cross sections are obtained from the RPA transition densities
(30), (31). The thick contour lines indicate orders of magnitude, while the dashed contour
lines are drawn at 5 times the next lower order of magnitude.
Figure 2: The same as in Fig. 1 but the DWBA M1 and E2 cross sections are plotted
versus the effective momentum transfer qeff (6) instead of Ei.
Figure 3: PWBA E2 cross section of the same excitation as in Fig. 1 plotted versus the
incident electron energy Ei for small scattering angles θ = 0.1
◦, 0.5◦, 1◦ and 5◦. The
total cross section (continuous curve) is a sum of the longitudinal C2 (dashed curve) and
transverse E2 (dotted curve) contributions.
Figure 4: Cross sections for θ = 70.53◦, where VT = 1 from Eq. (5), so that each PWBA
cross section is proportional to its form factor with the same coefficient. Upper two plots:
PWBA cross sections versus momentum transfer q (6). Top plot: convection M1 (dashed
curve) and total M1 (convection plus spin, continuous curve). Middle plot: longitudinal
C2 (continuous curve) and transverse E2 (dashed curve). Bottom plot: DWBA cross
sections versus qeff (6); orbital M1 (long-dashed curve), total M1 (convection plus spin,
continuous curve), and total E2 (longitudinal plus transverse, short dashed curve).
Figure 5: Comparison between M1 (continuous curves) and E2 (dashed curves) DWBA
cross sections plotted versus the scattering angle θ. These are sections from the plots in
Fig. 1 corresponding to different incident energies Ei, listed in each plot.
Figure 6: M1 (upper plot) and E2 (lower plot) PWBA cross sections for θ = 179.5◦ versus
momentum transfer q. Decomposition and notations as in the upper two plots of Fig. 4,
respectively.
Figure 7: Comparison between M1 (continuous curves) and E2 (dashed curves) DWBA
cross sections plotted versus the effective momentum transfer qeff (6). These are sections
from Fig. 2 for different scattering angles θ, listed in each plot.
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